In this paper, by constructing new comparison functions, we mainly study the boundary behavior of solutions to boundary blow-up elliptic problems for more general nonlinearities f (which may be rapidly varying at infinity) ∞ u = b(x)f (u), x ∈ , u| ∂ = +∞, where is a bounded domain with smooth boundary in R N , and b ∈ C(¯ ) which is positive in and may be vanishing on the boundary and rapidly varying near the boundary.
Introduction and the main results
In this paper, we consider the exact asymptotic behavior of solutions to the following boundary blow-up elliptic problem:
where the operator ∞ is the ∞-Laplacian, a highly degenerate elliptic operator given by The ∞-Laplacian has been the subject of extensive investigation since the fundamental work of Aronsson [] in which he established that the equation ∞ u =  is the EulerLagrange equation for smooth absolute minimizers. As a result of the high degeneracy of the ∞-Laplacian, the associated Dirichlet problems may not have classical solutions. Therefore solutions are understood in the viscosity sense, a concept introduced by Crandall and Lions [], Crandall et al. [] , and Crandall et al. [] , and to be defined in Section . Later, Jensen [] proved the existence and uniqueness of the viscosity solutions to the Dirichlet problem to the infinity harmonic equation. Since then, the infinity Laplace equation has been attracting considerable attention and we direct the reader to see [-] and the references therein.
By a solution to the problem (.), we mean a nonnegative function u ∈ C( ) that satisfies the equation in the viscosity sense (see Section  for definition) and the boundary condition with u(x) → ∞ as the distance function d(x) := dist(x, ) → . Such a solution is called a boundary blow-up solution. Recently, A Mohammed and S Mohammed [, ] first supplied a necessary and sufficient condition
for the existence of solutions to problem (.).
The investigation of boundary blow-up problems for elliptic equations has a long history. Early studies mainly focused on problems involving the classical Laplace operator , i.e.
The problem (.) arises in Riemannian geometry, mathematical physics or population dynamics, and has been discussed and extended by many authors in many contexts; see, for instance, [-] and the references therein.
For b ≡  on and f satisfying (f  ), Keller and Osserman [, ] first supplied the necessary and sufficient condition
for the existence of solutions to problem (.). Loewner and Nirenberg [] showed that if
then problem (.) has a unique positive solution u which satisfies
When f satisfies (f  ), (f  ), and the condition that
and b ∈ C α ( ) which is positive in and satisfies
showed (by using nonlinear transformations, a perturbation method, and a comparison principle) that:
(ii) if C f =  and h(t) := tf (ψ(t)) ≥  for sufficiently small t > , then (i) still holds. Now we introduce a class of functions. Let denote the set of all positive non-decreasing functions k ∈ C  (, ν) which satisfy
We note that for each k ∈ ,
The set was first introduced by Cîrstea and Rǎdulescu. Meanwhile, Cîrstea and Rǎdulescu [-] introduced the Karamata regular variation theory to study the boundary behavior and uniqueness of solutions for problem (.) and obtained a series of rich and significant information about the boundary behavior of the blow-up solutions.
Inspired by the above works, in this paper, by constructing new comparison functions, we consider the exact asymptotic behavior of the solution u of problem (.) near ∂ under appropriate conditions on b(x).
Suppose b also satisfies
The key to our estimates in this paper is the solution to the problem
Our main results are summarized as follows.
where φ is uniquely determined by (.) and
In particular, when C f = , u verifies The outline of this paper is as follows. In Sections  and , we give some preparation that will be used in the next section. The proof of Theorem . will be given in Section .
Preparation
Our approach relies on Karamata regular variation theory established by Karamata in  which is a basic tool in the theory of stochastic process (see [-] and the references therein). In this section, we first give a brief account of the definition and properties of regularly varying functions involved in our paper (see [-]). Definition . A positive measurable function f defined on [a, ∞), for some a > , is called regularly varying at infinity with index ρ, written as f ∈ RV ρ , if for each ξ >  and some ρ ∈ R,
In particular, when ρ = , f is called slowly varying at infinity. We also see that a positive measurable function g defined on (, a) for some a > , is regularly varying at zero with index σ (written as g ∈ RVZ σ ) if t → g(/t) belongs to RV -σ . Similarly, g is called rapidly varying at zero if t → g(/t) is rapidly varying at infinity. 
Proposition . (Representation theorem) A function L is slowly varying at infinity if and only if it may be written in the form
for some a  ≥ a, where the functions ϕ and y are measurable and for s → ∞, y(s) → , and
We call
normalized slowly varying at infinity and
normalized regularly varying at infinity with index ρ (and written as f ∈ NRV ρ ). Similarly, g is called normalized regularly varying at zero with index σ , written as g ∈ NRVZ σ , if t → g(/t) belongs to NRV -σ .
A function f ∈ RV ρ belongs to NRV ρ if and only if
as t → +∞), are also slowly varying at infinity.
(iii) For ρ ∈ R and t → +∞,
Proposition . (Asymptotic behavior) If a function L is slowly varying at infinity, then for a ≥  and t → ∞,
(i) t a s β L(s) ds ∼ = (β + ) - t +β L(t), for β > -; (ii) ∞ t s β L(s) ds ∼ = (-β -) - t +β L(t), for β < -.
Proposition . (Asymptotic behavior) If a function L is slowly varying at zero, then for a >  and t
Next, we recall here the precise definition of viscosity solutions for the problem (.).
Definition . A function u ∈ C( ) is a viscosity subsolution of the PDE
in if for every ϕ ∈ C  ( ), with the property that u -ϕ has a local maximum at some
Definition . A function u ∈ C( ) is a viscosity supersolution of the PDE
with the property that u -ϕ has a local minimum at some x  ∈ , then
Definition . A function u ∈ C( ) is a viscosity solution of the PDE
if it is both a subsolution and a supersolution. Finally, by a solution of (.) we mean a function u that is a solution of the PDE ∞ u = b(x)f (u) such that u = ∞ on ∂ .
Some auxiliary results
In this section, we collect some useful results that will be used in the proof of the theorem.
Proof The proof is similar to the proof of Lemma . in [], so we omit it.
is rapidly varying at infinity.
Proof We only need to prove (iii). The proof of the rest can be found in [] .
When C f = , according to (ii) and Definition ., we obtain for each q > 
, by (ii) and Proposition ., we obtain for each  < q <
Consequently, there exist S  >  and c q >  such that
Then there exists S  > S  such that
i.e., (iii) holds.
. Let φ be the solution to the problem
Proof By the definition of φ and a direct calculation, we show that (i) holds.
(ii) It follows from the proof of Lemma . and Proposition .(ii) that f
Then L  is slowly varying, and -
. Therefore, by Proposition ., we have
Hence,
(iii) By Lemma ., (i) and (.), we know
The last result (iv) follows from (ii)-(iii) and Proposition .(iii).
Proof of the theorem
In this section, we prove Theorem .. First, we need the following result. 
For any δ > , we define
Since is smooth, there exists δ  >  such that d ∈ C  ( δ  ) and |∇d(x)| = , ∀x ∈ δ  , and
), ρ ∈ (, δ), and, for simplicity, denote
for any x ∈ δ-ρ =:
Note that K and φ are increasing and decreasing in their respective definition domains. Therefore, when δ is small enough, η is decreasing in (ρ, δ). Let ζ be the inverse of η. One can easily check that
, and
.
It follows by ∞ ϕ(x  ) ≥  and ζ <  that
Moreover, since |Dd(x)| =  for x ∈ -ρ and d --ϕ attains a local maximum at x  , it follows that
Combining with (.) and (.), we further obtain
Notice that K Thus the proof is finished by letting ε → .
